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From October 2025...

Compression for the “future”

classical compression:

enc decX n
M ∈ {0, 1}nR

X̂ n

goal: to design enc, dec for small R so that X̂ n ≈ X n, i.e., to recover all of X n

often, X n has some downstream role, e.g.,

prompts for language models

observations for distributed hypothesis testing

[NEW!] sensor observations for time-delay estimation
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From October 2025... to now

Compression for the “future”

classical compression:

enc decX n
M ∈ {0, 1}nR

X̂ n

goal: to design enc, dec for small R so that X̂ n ≈ X n, i.e., to recover all of X n

often, X n has some downstream role, e.g.,

prompts for language models

observations for distributed hypothesis testing

[NEW!] sensor observations for time-delay estimation
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(Distributed) time-delay estimation

source

sensor 1

sensor 2

+

+

N1(t)

N2(t)

M

∆̂

0 T

S(t)

0 T

R1(t)

∆ ∼ Unif
([
−D

2 ,
D
2

])
0∆ T

R2(t)

S ,N1,N2: independent, Gaussian, flat spectra equal to 1, σ2
1, σ

2
2 on bandwidth [−W

2 , W2 ]

≡ (X ,Y ) : Y (t) = ρX (t −∆) +
√

1− ρ2Z (t) with ρ = 1√
(1+σ2

1)(1+σ2
2)

and X ,Z are

independent, unit variance Gaussian, flat spectra on [−W
2 , W2 ]
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Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]

M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1)

; if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1); if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Discrete-time version

Y [n] = ρX [n −∆] + ρ̄Z [n] for n = 1, . . . ,N with ∆ ∼ Unif ({−dm, . . . , dm}) ∈ Z

goal: estimate ∆̂ = g(M,Y [1 : N]) from M = f (X [1 : N]) of k bits

Maximum-index encoding: [Weiss, Kochman, Wornell ’25]

n

X [n]
M

2dm + 1

n

Y [n]

∆̂MIE

as long as (2dm + 1) grows slower than 2kρ
2
, then

Pr{|∆̂MIE −∆|} → 0 as k → ∞

hence define rate r = k/ log(2dm + 1); if r > 1/ρ2 then
Pr{∆̂MIE ̸= ∆} → 0

can also show if r < 1/ρ2 then Pr{∆̂ ̸= ∆} ̸→ 0 for ANY f , g

3 / 9



Continuous-time analog

Y (t) = ρX (t −∆) + ρ̄Z (t) for t ∈ [0,T ] with ∆ ∼ Unif
([
−D

2 ,
D
2

])
∈ R

goal: estimate ∆̂ = g(M,Y [0,T ]) from M = f (X [0,T ]) of k bits

Maximum-index encoding:

t

X (t)
T1

T̃1 = (M + 0.5) T
2k

D

t

Y (t)
T2

∆̂MIE

∆̂MIE = T2 − T̃1, we want:

define rate r = k/ log(WD)

show that if r > ⋆ then Pr{|∆̂MIE −∆| > γ} → 0

also show if r < ⋆ then Pr{|∆̂MIE −∆| > γ} ̸→ 0
for ANY f , g

Soln.: ⋆ = 1/ρ2 (almost)
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Results: threshold same, MIE still optimal (nearly)

Lower bound: for any constant γ > 0, Pr{|∆̂−∆| > γ} → 0 for some f , g requires
r ≥ 1/ρ2

Achievability via MIE: if rate r >
1/ρ2 − c2γ
(1− cγ)2

> 1/ρ2, then Pr{|∆̂MIE −∆| > γ} → 0

cγ = max|t|≥γ | sinc(Wt)|

Implies that for any rate r > 1/ρ2, there is a constant γ > 0 such that
Pr{|∆̂MIE −∆| > γ} → 0
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Outline

1 Time-delay estimation

2 Converse

3 Achievability via MIE



Lower bound sketch

Fano: Pr{|∆̂−∆| > γ} ≥ 1− I (∆̂;∆) + log 2

log D
2γ

SDPI:

I (∆̂;∆) ≤ I (M,Y ; ∆) = I (M; ∆ | Y ) ≤ I (M;Y | ∆) ≤ E∆[ηT ,∆]I (M;X ) ≤ E∆[ηT ,∆]k

where ηT ,δ = supPU|X

I (U;Y | ∆ = δ)

I (U;X )

Fano + SDPI: Pr{|∆̂−∆| > γ} ≥ 1− Eδ[ηT ,∆]k + log 2

log D
2γ

, goes to 0 only if

r = k/ log2(WD) > 1/E∆[ηT ,∆]

ηT ,δ = ρ2
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SDPI coefficient equal to correlation squared

ηT ,δ ≤ ρ2:

Y separable, continuous ⇒ I (U;Y ) = supn I (U; (Y (iT/n))ni=1)

Yi = ρXi + ρ̄Zi : I (U;Y1, . . . ,Yn) ≤ ρ2 I (U;X1, . . . ,Xn)

=⇒ ηT ,δ ≤ ρ2

ηT ,δ ≥ ρ2:

Fix t0 ∈ [0,T ]; let Us =
√
s X (t0) +W , W ∼ N (0, 1) independent of all else

I (Us ;X ) = 1
2 log(1 + s)

I (Us ;Y ) ≥ I (Us ; ρX (t0) + ρ̄Z (t0)) =
1
2 log

(
1 + s

1 + s ρ̄2

)
I (Us ;Y )

I (Us ;X )
s→0−−−→ ρ2

=⇒ ηT ,δ ≥ ρ2
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Outline

1 Time-delay estimation

2 Converse

3 Achievability via MIE



Achievability proof sketch

pick β < γ, 1 < α < r , WT = (WD)α = 2αk/r , τ =
√

2 log(WT )

Pr{|∆̂MIE −∆| > γ}

≤ Pr
{
|T2 − (T1 +∆)| > β and T1,T2 both in [T̃1 − D/2, T̃1 + D/2]

}
+

→0︷ ︸︸ ︷
Pr{. . . }

≤ Pr
{
∃ s1, s2 : β < |s2 − s1| ≤ D and R1(s1) ≳ τ and R2(s2 +∆) ≳ τ

}
+

→0︷ ︸︸ ︷
Pr{. . . }

with s1, s2 on continuous intervals

reduce to grid using well-behavedness of R ′
1,R

′
2 (bandlimited)

union bound over grid

Pr → 0 if α >
1/ρ2 − c2β
(1− cβ)2
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Pr → 0 if α >
1/ρ2 − c2β
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Summary

for discrete-time TDE: known that 1/ρ2 is the right threshold

for continuous-time:

r

1/ρ2

× ✓

0
1/ρ2−c2γ
(1−cγ)2

→ 0 as γ → ∞

lower bound via Fano + SDPI

MIE achievability via reduction to grid + Gaussian EVT

Thank you!
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