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Entropy-constrained capacity

CH(h, snr) =

max
X

I (X ;
√
snrX + Z )

over X satisfying E[X 2] ≤ 1 and H(X ) ≤ h

in particular: h − CH(h, snr) as snr → ∞
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Approximation perspective

wlog let E[X ] = 0, E[X 2] = 1; G ∼ N (0, 1) independent of Z

I (G , snr)− I (X , snr) = D(
√
snrX + Z ∥√snrG + Z )

C (snr)− CH(h, snr) = min
X :

E[X 2]≤1,
H(X )≤h

D(
√
snrX + Z ∥√snrG + Z )

snr → 0: C (snr)− CH(h, snr) = O
(
snrkh+1

)

,
where kh = largest k s.t. E[X ℓ] = E[G ℓ] for ℓ = 1, . . . , k among all X : H(X ) ≤ h

kh ≥ 3 for all h > 0

, so CH(h, snr) = C (snr)−O(snr4) ≈ C (snr) as snr → 0
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Previous results: Low-SNR asymptotics
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High-SNR conditional entropy

snr → ∞ : CH(h, snr) → h, so gap of interest = h−CH(h, snr) = H(X ∗
h,snr)− I (X ∗

h,snr, snr)

Lemma

For any X with E[X 2] = 1 and finite H(X ), and Z ∼ N (0, 1) independent of X , we have

H(X |
√
snrX + Z ) = exp

(
−snr

dmin(X )2

8
+ o(snr)

)
.

dh := largest dmin among all X with H(X ) = h and E[X 2] = 1

; achieved at Xh

then “Xh is optimal as snr → ∞”:

for any other X , there exists snr0 such that I (Xh, snr) > I (X , snr) for all snr > snr0

and CH(h, snr) = h −O
(
exp(−snr d2h/8)

)
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Largest minimum-distance under entropy and power constraints

discrete Gaussian

NβZ(λ): PX (xi ) ∝ exp(−λi2) for xi = βi , i ∈ Z

let L(λ) = log
(∑

i∈Z exp(−λi2)
)

and λh solve L(λ)− λL′(λ) = h

Proposition

Solution to dh = max dmin(X ) over all X with E[X 2] = 1 and H(X ) = h is

dh = 1/
√
−L′(λh), achieved at Xh ∼ NdhZ(λh).

proof sketch: maximum at equally spaced distribution, then Lagrange dual
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Geometric characterization

L(λ) = log
(∑

i∈Z exp(−λi2)
)

, λh : L(λh)− λhL
′(λh) = h, dh = 1/

√
−L′(λh)

λ

approximations:

L(λ) ≈ log
√

π
λ for λ≪ π, L(λ) ≈ 2e−λ for λ≫ π
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Low- and high-entropy approximations

h

0

L(π)− πL′(π)
≈ 0.48 bits

dh ≈
√

1
h log

2
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√
2πe exp(−h)

h − CH(h, snr) ≈ O
(
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(
− snr
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h
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O
(
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− snrπe4 e−2h
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h→∞−→ N (0, 1)
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Summary

CH(h, snr), relevant in oblivious/symbol-level remote transmitters

snr → ∞: capacity “achieved” by discrete Gaussian

proof by identifying dmin as the key quantity to estimate conditional entropy

closed-form approximations for low- and high-entropy regimes

open: X ∗
h,snr

snr→∞−→ Xh in distribution?

Thank you!
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