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1 From Hölder to hypercontractivity

2 Application to probability theory

3 Connection with information measures

4 Application to an information-theoretic problem

5 Concluding remarks



Outline
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Hölder’s inequality for probability measures

E[|f (X )g(Y )|] ≤ ∥f (X )∥p′∥g(Y )∥p , p ≥ 1

1

p
+

1

p′
= 1←−

∥Z∥p ≜ E[|Z |p]
1
p ←−
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An equivalent formulation

∥E[g(Y ) | X ]∥p ≤ ∥g(Y )∥p , p ≥ 1

1

p
+

1

p′
= 1←− Hölder conjugates

∥Z∥p ≜ E[|Z |p]
1
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More generally?

∥E[g(Y ) | X ]∥p ≤ ∥g(Y )∥q?

q ≥ p

−→ always true

q < p

−→ depends on µXY

Extreme cases: X ⊥⊥ Y =⇒ q ≥ 1;
X = Y

=⇒ q ≥ p.
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Hypercontractivity parameters

Definition

For 1 ≤ q ≤ p <∞,

(X ,Y ) is (p, q)-hypercontractive if

∥E[g(Y ) | X ]∥p ≤ ∥g(Y )∥q?

Also define, for a given p ≥ 1,

qp(X ;Y ) ≜ inf{q : (X ,Y ) is (p, q)-hypercontractive},

rp(X ;Y ) ≜
qp(X ;Y )

p
,

r∗(X ;Y ) ≜ inf
p≥1

rp(X ;Y )

Extreme cases:

X ⊥⊥ Y

=⇒ qp = 1, rp =
1

p
, r∗ = 0;

X = Y

=⇒ qp = p, rp = 1, r∗ = 1.
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Indecomposable r.v.s

Definition

There do NOT exist nontrivial sets A and B such that

P(X ∈ A ⇐⇒ Y ∈ B) = 1.

A

B

X

Y
−→ decomposable
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Probability of decoding sets

Theorem (Ahlswede-Gács ’76)

For {(Xi ,Yi )}ni=1 i.i.d. and indecomposable,

for any sets An ⊆ X n,
Bn ⊆ Yn,

there exist positive numbers r < 1 and p such that

P(Y n ∈ Bn) ≥ P(Y n ∈ Bn | X n ∈ An)
p P(X n ∈ An)

r .

If P(Y n ∈ Bn | X n ∈ An) ≥ λ,

−1

n
logP(Y n ∈ Bn)−

r

n
logP(X n ∈ An)

− p

n
λ.
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For {(Xi ,Yi )}ni=1 i.i.d. and indecomposable, for any sets An ⊆ X n,
Bn ⊆ Yn, there exist positive numbers r < 1 and p such that

P(Y n ∈ Bn) ≥ P(Y n ∈ Bn | X n ∈ An)
p P(X n ∈ An)

r .

If P(Y n ∈ Bn | X n ∈ An) ≥ λ,

−1

n
logP(Y n ∈ Bn)−

r

n
logP(X n ∈ An)

− p

n
λ.

7 / 13



Probability of decoding sets

Theorem (Ahlswede-Gács ’76)
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Characterizations of r ∗...

Theorem (Ahlswede-Gács ’76)

r∗(X ;Y ) = sup
νX :

νX ̸=µX ,
νX≪µX

DKL(νY ||µY )

DKL(νX ||µX )
.

Theorem ()

r∗(X ;Y ) = sup
νUX :

I (U;X )>0,
U−X−Y

I (U;Y )

I (U;X )
.

†
Venkat Anantharam, Amin Aminzadeh Gohari, Sudeep Kamath, and Chandra Nair. “On

Maximal Correlation, Hypercontractivity, and the Data Processing Inequality studied by Erkip
and Cover”. In: CoRR (2013)
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...and rp

Theorem (Nair ’14)

rp(X ;Y ) = sup
νXY :νXY ̸=µXY ,

νXY≪µXY

DKL(νY ||µY )

DKL(νX ||µX ) + p
(
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− DKL(νX ||µX )

) .
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Xi ,Yi ∼ Bern
(
1
2

)
,

P(Xi ̸= Yi ) = α.

Conjecture (Courtade-Kumar ’14†)

For {(Xi ,Yi )}ni=1 i.i.d.

I (b1(X
n); b2(Y

n)) ≤ 1− h2(α).

W − X n − Y n − Z =⇒

r∗(W ;Z ) ≤ r∗(X n;Y n);

Tensorization:

rp(X
n;Y n) = max

i=1,...,n
rp(Xi ;Yi );

(Xi ,Yi ) ∼ DSBS(α) =⇒

r∗(Xi ;Yi ) = (1− 2α)2.

†
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Thank you!
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